Canonical Isomorphism of Two Lie Algebras 
Arising in Ci?-geometry[J] 

V. V. Ezhov and A. V. Isaev 

We show that the maximal prolongation of a certain algebra asso- 
ciated with a non-degenerate Hermitian form on C n x C n with values 
in M. k is canonically isomorphic to the Lie algebra of inhnitesimal holo- 
morphic automorphisms of the corresponding quadric in C n+k . This 
fact creates a link between different approaches to the equivalence 
problem for Levi-nondegenerate strongly uniform CR-mani folds. 



Introduction and Formulation of Result 

A CR- structure on a smooth real manifold M of dimension m is a smooth 
distribution of subspaces in the tangent spaces T^{M) C T p (M), p G M, 
with operators of complex structure J p : T£{M) — > T£(M), = —id, that 
depend smoothly on p. A manifold M equipped with a Ci?-structure is 
called a CR-manifold. It follows that the number CRdimM := dime T£(M) 
does not depend on p; it is called the C R- dimension of M. The number 
C-RcodimM := m — 2Ci?dimM is called the CR-codimension of M. CR- 
structures naturally arise on real submanifolds in complex manifolds. Indeed, 
if, for example, M is a real submanifold of C , then one can define the 
distribution T£(M) as follows: 

T p c (M) :=T p (M)mT p (M). 

On each T£(M) the operator J p is then defined as the operator of multiplica- 
tion by i. Then {T£(M), J p } p€ m form a Ci?-structure on M, if dime T£(M) 
is constant. This is always the case, for example, if M is a real hypersurface 
in (in which case Ci?codimM = 1). We say that such a CR-structure is 
induced by C K . 

A mapping between two CR- manifolds / : Mi — > M 2 is called a CR- 
mapping, if for every p e M\. (i) df(p) maps Tp(Mi) to T^ p ^(M 2 ), and (ii) 
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df{p) is complex linear on T£(M\). Two CR- manifolds Mi, M2 are called 
CR- equivalent, if there is a C-R-diffeomorphism from Mi onto M2. Such a 
C-R-diffeomorphism / is called a C R- isomorphism. 

Let M be a C-R-manifold. For every p e M consider the complexification 
Tp(M) ® R C. Clearly, this complexification can be represented as the direct 
sum 

t;(m) ® M C = T^°)(M) © T^\M), 

where 

T p (1 ' 0) (M) := {I-jJ p X:XgT;(M)}, 
T^\M) := {X + iJ p X:X eT;{M)}. 

The CR- structure on M is called integrable if for any local sections Z, Z' of 
the bundle T^°\M), the vector field [Z, Z'\ is also a section of T^(M). It 
is not difficult to see that if M C C K and the CR-structure on M is induced 
by C K , then it is integrable. 

An important characteristic of a C-R-structure called the Levi form comes 
from taking commutators of local sections of T^'°\M) and T^ ,l \M). Let 
p E M, z, z' £ Tj 1,0 )(M), and Z, Z' be local sections of T^'°\M) near p such 
that Z{p) = z, Z'ip) = z' . The Levi form of M at p is the Hermitian form 
on T^°)(M) x Tj 1 - ) with values in (T p (M) /T p c (M)) ® M C given by 

£m(p)(^,^) ^ifrZ^ip) (mod T p c (M) ® k C). 

The Levi form is defined uniquely up to the choice of coordinates in 
iT P iM)/TpiM)) <g)R C, and, for fixed z and z', its value does not depend 
on the choice of Z and Z'. 

Let H = (H 1 , . . . , H k ) be a Hermitian form on C n x C n with values in IR fe . 
For any such H there is a corresponding standard C-R-manifold Q H C C n+fc 
of Ci?-dimension n and Ci?-codimension k defined as follows: 

Q H := {(z, w) : Im w — H(z, z)}, 

where z := (zi, . . . , z n ), w := (wi, . . . ,Wk) are coordinates in C n+fc . The 
manifold is often called the quadric associated with the form H . The 
Levi form of Qh at any point is given by H. 

A Hermitian form H is called non- degenerate if: 
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(i) The scalar Hermitian forms H l , . . . , H k are linearly independent over R; 

(ii) H(z, z') = for all z' G C n implies z = 0. 

A C-R-structure on M is called Zevz non-degenerate, if its Levi form at 
any p G M is non-degenerate. An important tool in the geometry of Levi 
non-degenerate integrable CR-manifolds is the automorphism group of Qh- 
Let Aut(Qu) denote the collection of all local CR-isomorphisms of Qh to 
itself that we call local C R- automorphisms. It turns out that, if H is non- 
degenerate, then any local CR- automorphism extends to a rational (more 
precisely, a matrix fractional quadratic) map of <C n+k [ KT |, [FJ, | |iufl , [ ESI ] 



Thus, for a non-degenerate H, Ant (Qh) is a finite-dimensional Lie group. 
Let qh denote the Lie algebra of Ant(Qn)- As shown in |B|, |SJ, (see also 
[ |LS2|| for a simple proof), the algebra qh consists of polynomial vector fields 



on C n+ of the form 

qh = \^p + Cz + aw + A(z,z) + B(z,w)^j-^ + 

(q + 2iH(z,p) + sw + 2iH(z,aw) + r(w, w) j ^-j, (0.1) 

where p G C n , q G C is an n x n-matrix, s is a x A;-matrix, z) is a 
quadratic form on C n x C n with values in C n , a is an n x A;-matrix, B(z,w) 
is a bilinear form on C n x C k with values in C ra , r(wi,W2) is a symmetric 
bilinear form on C k x C fc with values in C fc , and the following holds 

2Re H(Cz,z) = sH(z,z), (0.2. a) 

H(A(z,z),z) = 2iH(z,aH(z,z)), (0.2.6) 

ReH(B(z,u),z) = r(H(z,z),u), (0.2.c) 

lmH(B(z,H(z,z)),z) = 0, (0.2. d) 

for all z G C n , m G M fc . 

We can now make g# into a graded Lie algebra by introducing weights as 
follows: z has weight 1, w has weight 2, has weight -1, ^ has weight -2. 
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Then we get qh = ®f = ^ 2 Q H , where 



0H 2 : = 


(11 

\ dw J ' 






(0.3.a) 


9H 1 ■ = 




\> 




(0.3.6) 


0°H := 


i Cz tt + sw a - r ' 

[ oz dw J 






(0.3.c) 


1 

9H ■ = 


d 

< (aw + z)) — — h 2iH(z, aw) 


— 1, 
dw J ' 


(0.3.d) 


2 

9H ■ = 


f 5 

<B(z,w)— +r(w,w) 


— ) 

dw J ' 




(0.3.e) 



Note that Qh is a homogeneous manifold since the global CR- automorphisms 
z i— > z + 

w i — w + w° + 2iif(z,/), (0.4) 

for (z°,w°) G Qh 5 act transitively on Qh- The subalgebra qJj 1 © is the 
Lie algebra of the subgroup of Aut(Q#) consisting of automorphisms of the 
form (0.4). The subalgebra q° h is t ne Lie algebra of the subgroup of Aut(Q#) 
consisting of linear automorphisms, i.e. automorphisms of the form 

z i— > Pz, w i— > 

where P is a complex n x n-matrix, R is a real k x /c-matrix such that 

R- l H(Pz,Pz) = H(z,z). 

The components q h , q h are responsible for the existence of nonlinear auto- 
morphisms of Qh that preserve the origin. 

An example of how the algebra qh is used in C-R-geometry is the equiv- 
alence problem for strongly uniform C-R-manifolds. Let H 1 ,H 2 be two Re- 
valued Hermitian forms on C n x C n . We say that Hi and H 2 are equivalent, 
if there exist linear transformations A of C n and B of M fe such that 

H 2 (z,z) = BHi(Az,Az). 
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We call a CR- manifold M strongly uniform, if the forms Cm{p) are equivalent 
for all p G M. If, for example, M is Levi non-degenerate and C-RcodimM = 1 
then M is strongly uniform. The equivalence problem for strongly uniform 
Levi non-degenerate integrable CR-manifolds is usually approached by con- 
structing a C-R-invariant parallelism on certain bundles over the manifolds 
with values in a suitable Lie algebra. In the number of cases (see Q, | UM 



[EIS ) this Lie algebra was chosen to be qh, where if is a Hermitian form 



equivalent to any £m(p), V M. In the general approach of Tanaka [Ta 
however, a seemingly different algebra was used: Tanaka considered a cer- 
tain maximal prolongation qh of q h 2 © qJj 1 © q° h . It is therefore a reasonable 
question whether the algebras qh and qh are isomorphic. In this paper we 
give a positive answer to this question in the main theorem below (see [Ta 
[0, [ |EIS|| for partial results). 



We will now give the precise definition of the algebra qh from [ Ta] . It is 
defined as an a priori infinite-dimensional graded Lie algebra 



~QH = Qh 2 © Bh 1 © © (®Zi~9h) 



which is maximal among all Lie algebras of the above form that satisfy the 
conditions: 

(i) For I > and X G q 1 h , [X, q^ 1 } = implies X = 0; 

(ii) q h 2 © Qh 1 © 9°h is a subalgebra of q H - 



It is shown in |[ra|| that qh is unique and can be constructed by the 
following inductive procedure. First we define vector spaces q 1 h and brackets 
[X h X^] E ~q h \ [X h X_ 2 ] e q 1 h 2 , where X p e ~q p h (we set ~q 1 h := Q l H for 
I = —2, —1,0). Suppose that these spaces and brackets have been defined for 
for < / < L — 1 in such a way that the following holds 

[[XuX^.Y^-WXuY^]^^} = [X U [X^Y_ X \\, (0.5.a) 
[[X h X^},X^] = [[X h X^],X^}, (0.5.6) 

for all X\ E q 1 h , K_i G g^ 1 . Then we define q h to be the vector space of 
all linear mappings Xl : qh 1 — > q h 1 for which there exist linear mappings 
X^ : q h 2 — > q h ~ 2 such that 

[X L (X^),Y^]-[X L (Y^),X^] = X' L ([X^,Y^]), (0.6.a) 
[X' L (X- 2 ),X. X ] = [X L (X^),X^ 2 ], (0.6.6) 
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for all X_i,y_! G g^ 1 , X_ 2 G g^ 2 . We set [X L ,X_i] := X £ (X_i) for all 
X_i £ 0h ■ Since if is non-degenerate, we have g^ 2 = [g^ 1 , gjj 1 }, and therefore 
X' L is uniquely determined by X L . Then we set [X £ , X_ 2 ] := X L (X_ 2 ) for all 
X_ 2 G g H 2 . We also set [X_ 1; X,] := -[X^X^] and [X_ 2 ,X<] := -[X*,X_ 2 ]. 
Clearly, (0.6) then gives equations (0.5) for Z = L. 
Note that equations (0.5) imply 

[[x,,x_ 2 ],y_ 2 ] = [[x,,y_ 2 ],x_ 2 ], (0.7) 

for all X ; G g^, / > 0, and X_ 2 , y_ 2 G g H 2 . 

Let us now define brackets [X p , X q ] G g^ 9 , X p G X g G g^, p, g > 0, 

inductively as follows. Suppose that these brackets have been defined for 

P, q > 0, p + q < L — 1, in such a way that for any X p G X g G g q H the 
following holds 

[[X p ,X g ],X_!] = [[X p ,X_i],X 9 ] + [X p ,[X„X_i]], (0.8.o) 

[[X P ,X ? ],X_ 2 ] = [[X P ,X_ 2 ],X ? ] + [X P ,[X ? ,X_ 2 ]], (0.8.6) 

for all X_x G g^ 1 , X_ 2 G g^ 2 . We take any X p G g p H , X q G g# with p, q > 
and p + q = L and define linear mappings X £ and X^ from g^ 1 and g^ 2 to 
g^ -1 and g^~ 2 respectively by 

X I/ (X_ 1 ) := [[X^X^X^ + XpjX^X^]], 
X L (X_ 2 ) := [[X p ,X_ 2 ],X g ] + [X p ,[X g ,X_ 2 ]]. 

Then we see that Xl, X' l so defined satisfy (0.6) and therefore X £ G We 
then define [X P ,X ? ] := X £ . Clearly, this definition gives identities (0.8) for 
all P, q > 0, p + q = L. Thus [X p , X g ] have been defined for all p, q > 0. Note 
that [X p , X g ] = — [X g , Xp] for all p, g > 0. By induction, we can also prove 

[[X p ,X q ],X r ] + [[X q ,X r ],X p ] + [[X r ,X p ],X q ] = 0, (0.9) 

for all X p G ~g p H , X q G ~g q H , X r G ~g r H , p,q,r> 0. By (0.5), (0.7), (0.8), (0.9) the 
brackets defined above give a Lie algebra structure on qh- This completes 
the construction of g# in | |l'a[ | . 

We now define a mapping $ : qh — * Bh as follows: 

$ is identical on q h 2 © g^ 1 © g° H , 
[$(X)](X_0 := [X,X_x] forXGg^, 
[[$(X)](X_ 1 )](y_ 1 ) := [[X^]^] for X G g 2 ,. 
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It follows that $ is a Lie algebra homomorphism and ker $ = {0}. Moreover, 
$(&)c&forp=l,2. 

We are now ready to formulate the main result of the paper. 

THEOREM 0.1 The mapping <3> is an isomorphism. 

We will prove the theorem in the next section. Before proceeding, we 
would like to thank G. Schmalz for useful discussions. 

1 Proof of Theorem 

It is clear from the preceding discussion that to prove the theorem it is 
sufficient to show that dimjj^ = dimg^ for p — 1, 2, and q 3 h = {0}. 

Lemma 1.1 dim^ H = dim^ H . 

Proof: Let X 1 G q\j. Since gjj 1 , q° h are given in the form as in (0.3.b), 
(0.3.c), Xi can be written as 

Xl {p^ z +^z,v)^=^v)z^ z+ ^p)w^ 

p G C n , where 0, ip are real-linear mappings from C n to the spaces M(n, C) 
of complex n x n- and M{k, R) of real k x A;-matrices respectively such that, 
for any p, z G C n , 

iP(p)H(z,z) = 2ReH( ( j ) (p)z,z) (1.1) 

(see (0.2. a)). Let X[ be the linear mapping from to qJj 1 corresponding 
to Xi as in the definition of q]j. It then follows from (0.3. a), (0.3.b) that X[ 
can be written in the form 

q G R fc , where /i is a linear mapping from R fc to C n . Next, conditions (0.6) 
for L = 1 are equivalent to 

Afi(lmH(p 1 ,p 2 )) = 0(pi)p 2 - </>{p2)Pu (1.2. a) 

AlmH(fi(q),p) = ip(p)q, (1.2.6) 
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for all p,p\,P2 £ C n , q E R k . 
We set 

A(p,p) ■= -<p{p)p-i^(H(p,p)), a:=fi, 
p E C n . We will show that the following holds (cf. (0.2.b)) 

H(A(p,p),p) = 2iH(p,aH(p,p)), (1.3) 
for all p6C. We write in the most general form 

<f)(p) = Rp + Qp, 

where R, Q are constant vectors of length n with entries from M(n, C). 
Formulas (1.1), (1.2) then give 

Rpip 2 = RP2P1, (lA.a) 
Qplp 2 = 2i ll (H(p 2 ,p 1 )), (1.4.6) 
H(Rp lP2 ,p 3 ) = 2iH{p 1 , l i(H{p 2 ,ps)))-H{p 2 ,Qp& 3 ), (1.4.c) 

for all pi,P2,P3 £ C n , where /x is complex-linearly extended from IR fc to C k . 
Identities (1.3) easily follow from (1.4.b), (1.4.c). Identity (1.4.b) in addition 
gives 

thus showing that A is a quadratic form on C n x C n . 

It is clear from (1.1), (1.4.b), (1.4.c) that a uniquely determines X\ (also 
note that (1.3) implies that A and a uniquely determine each other), and the 
lemma is proved. □ 

Lemma 1.2 dimg 2 H = dimQ 2 H . 

Proof: Let X 2 E g 2 H . It follows from (0.3.a)-(0.3.c) that there exist real- 
bilinear mappings <f>(-, •) and •) from C n x C n to the spaces M(n, C) and 
M(k, K) respectively, and a real-bilinear mapping /j(-, •) from C n x R fe to C n 
such that 



X 2 (p§- + 2iH( Z ,p)l[ 
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V-,V\-,Vi £ C n , g G R k , where 



corresponds to 



X 2 (p§- z +2iH(z,p)i;) 

X 2 (j>^ + 2iH(z,p)J^J as an element of q\j. Let X 2 be the correspond- 
ing linear mapping from g^ 2 to q%. It follows from (0.3. a), (0.3.c) that it can 
be written in the form 

q G M. h , where 77 and v are linear mappings from R fc to the spaces M(n, C) and 
M(k, K) respectively. Equation (0.2. a) gives that the following conditions are 
satisfied 

ip(p 1 ,p 2 )H(z,z) = 2Re H((j)(p 1 ,p 2 )z,z), (1.5. a) 

is(q)H(z,z) = 2Re H(r}{q)z,z), (1.5.6) 

for all px,p 2 ,z G C n , g G M fc . Next, analogously to (1.2), the following holds 

4:/j,(p 1: lmH(p 2: p 3 )) = <j){p 1 ,p 2 )p3 - 0(Pi,P3)P2, (1.6.a) 
4Im#Gu(pi,g),p 2 ) = ^(Pi>P2)g, (1-6.6) 

for all p,Pi,p 2 G C n , g G M fc . Further, conditions (0.6) for L = 2 are 
equivalent to 

477 (Imif(pi,p 2 )) = 0(P2,Pi) - 0(pi,P2), (1.7.a) 

Mp,?) = -»7(g)p, (!- 7 - & ) 

for all p,pi,p 2 G C n , g G M fc . 
We set 

£(p, s) := ?7(s)p, r(si, s 2 ) := -^(s 2 )si, 

p G C n , s, Si, s 2 G C fe , where 77, v are complex-linearly extended to C fc . Then 
(1.5.b) implies 

ReH(B(p,q),p) = r(H(p,p),q), (1.8) 

for all p G C",g G M fc , which is analogous to (0.2.c). It follows from (1.6) 
that is uniquely determined by \x (as in (1.4) above). Therefore, by (1.5. a) 
and (1.7.b), X 2 is uniquely determined by B (note that B also uniquely 
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determines r by (1.8)). Thus, it is clear from (0.2.d) that to prove the 
lemma, we need to show that 

lmH(B(p,H(p,p)),p) = 0, (1.9) 

for all p G C n and that r(si, s 2 ) is symmetric. We write in the most general 
form 

0(Pi>P2) = A^PiP2 + Nplp 2 + Tp^ + Splp^. 



Then (1.5.a), (1.6), (1.7) give 

M = 0, (l.lO.a) 

5 = 0, (1.10.6) 

Nplp 2 Pz = Nplp 3 p 2) (l.lO.c) 

Nplp 2 p3 - Tp 2 plp3 = 2in(p 3 ,H(p 2 ,pi)), (l.lO.o?) 

Tpip^P3 = 2i/i(p 1 ,H(p 3 ,p 2 )), (l.lO.e) 



H(Np 1 p 2 p 3) p A ) = 2iH{p 2 ,ii(p 1 ,H{p 3 ,p 4 })) - H(p 3n Tp l p 2 p A ), (1.10./) 

for all Pi,P2,P3,Pa G C n , where /i is extended in the last argument to 
a complex-linear mapping on C fc . Calculating lmH(i](H(p,p))p,p) from 
(1.7.a) we get 

Im H(r}(H(p,p))p,p) = ^ReH(Nppp - Tppp,p). 

On the other hand, (1.5. a), (1.6.b), (1.7.b) give 

Im H(r)(H(p, p))p, p) = —-Re H(Nppp + Tppp + Mppp + Sppp, p). 

Comparing the last two expressions and using (1.10. a), (l.lO.b), (l.lO.d), 
(l.lO.e) yields (1.9). 

To show that r(si, s 2 ) is symmetric, by (1.5.b), we need to prove that 

ReH(rj(H(p 1:Pl ))p 2: p 2 ) = Re H(rj(H(p 2 ,p 2 ))p uPl ), (1.11) 

for all pi,p 2 G C n . It follows from (1.7. a) that 

ReH(r](H{p 1 ,p 1 ))p 2 ,p 2 ) = — ^Im H (Np~[pip 2 - Tp x pip 2 ,p 2 ), (1.12) 
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for all p!,p 2 G C n . On the other hand, (1.5.a), (1.6.b), (1.7.b), (l.lO.a), 
(l.lO.b) give 

ReH(rj(H(p 1 ,p 1 ))p 2 ,p 2 ) = ~lm H (Np^p 2 p 1 - Tp 2 p^p 1 ,p 1 ), 

for all Pi,p 2 G C n , which together with (1.12) implies (1.11). 

The lemma is proved. □ 

Lemma 1.3 q 3 h = {0}. 

Proof: Let X3 G g%. Then there exist real-trilinear mappings 0(-,-,-), 
V>(-, •, •) from PxCx C n to the spaces M(n, C) and M(k, R) respectively, 
real-bilinear mappings ??(•,•)> v{-,-) from C n x R fe to the above spaces of 
matrices respectively, and a real-trilinear mapping //(•, •, •) from CxCx R fc 
to C n such that 
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d 



d 



d 



p 2 - + 2iH(z,p 2 ) dw 



d 



d 



d 



d 



X 3 l Pl - + ^H( Z ,p l]dw 



d 



d 



p 2 - + 2iH(z,p 2 ) dw 



p 3 - + 2iH(z,p 3 ) dw 



d 



dw 



d d 
t*(Pi,P2,q)-^ + 2iH(z,fi(p 1 ,p 2 ,q)) — , 



( d d N 

Jf ,^ + «ff(,, P )^ 



1 dw 



p,Pi,P2,P3 e C", g G K fe , where [X 3 + 2iH(z, Pl )£) (p 2 f z + 2iH{z,p 2 )£) 

corresponds to X 3 (p x £ + 2iH(z,p 1 )-^j (p 2 -§- z + 2iH(z,p 2 )-§^ as an element 

of & and [X 3 (pf z + 2iH(z,p)£) corresponds to X 3 (pf z + 2iH( Z) p)£) 
as an element of q 2 h . Let X3 be the corresponding linear mapping from g# 2 
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to q 1 h . Then there exist real-bilinear mappings A(-,-) and p(-, •) from C n x R k 
to the spaces M(n, C) and M(k, R) respectively such that 

^(^) ( P ^ + 2i ^' p) ^) =A ^^ + ^'^' 

pGC n ,ge R k . Equation (0.2.a) gives 

^(Pi,P2,P3)H(z,z) = 2Re H((f)(p 1 ,p 2 ,p 3 )z,z), (1.13. a) 

is(p,q)H(z,z) = 2ReH( V (p,q)z,z), (1.13.6) 
p(p,q)H(z,z) = 2Re H(\(p,q)z, z), (1.13.c) 

for all p,px,p 2 ,P3, z G C n , g G R fc . Next, analogously to (1.6), we have 

Ap(p 1 ,p 2 ,ImH(p 3 ,p 4 )) = (f)(pi,p 2 ,P3)p4 - <f>(pi,P2,P4)P3, (l.U.d) 

Aim H(fi(p 1 ,p 2 ,q),p 3 ) = ^(Pi,P2,Ps)g, (1.14.6) 

for all P\iPiiP3 G C™, q G R fc . Further, there are the following analogues of 
identities (1.7) 

Arj(p u lmH(p 2 ,p 3 )) = 0(pi,p 3 ,P2) - 0(pi,P2,Ps), (1.15.a) 

v(Pi,P2,q) = -v(Pi,q)P2, (1.15.6) 

for all pi,p2 G C n , g G R fe . Finally, conditions (0.6) for L = 3 are equivalent 
to 

4A(pi,Im if (p 2 ,P3)) = 0(P3,P2,Pi) - 0(P2,P3,Pi), (1.16.a) 
X(p,q) = v(p,q), (1.16.6) 

for all p,Pi,P2,P3 £ C n , g G R fc . 

We will now show that identities (1.13)— (1.16) imply that X3 = 0. It 
follows by the argument in Lemma 1.2 from (1.13. a) and identities (1.14), 
(1.15) that <p has the form (see (l.lO.a), (l.lO.b)) 

0(pi,P2,P3) = Gp\PiP3 + KP1P2P3 + Fp x p 2 pi + Lplp 2 pi, 

and (see (l.lO.c)-(l.lO.f)) 

GP1P2P3PA = Gp^pm, (1.1 7. a) 
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(Gpi + Kpi)p 2 p 3 p 4 

(Fpi + Lpl)p 2 pipA 
H((Gp 1 + Kpi)pip 3 p 4 ,p b ) 

Kpmpm 



(Fpi + Lpl)p 3 pip 4 = 
2i/j,(p u p 4 ,H(p 3 ,p 2 )), 
2ifi(p 1 ,p 2 ,H(p 4 ,p 3 )), 
2iH(p 3 , /j,(p 1 ,p 2 ,H(p 5 ,p 4 ))) 
H(p 4 , (Fpi + Lpl)p 2 pip^), 
Kp!p 2 p 4 p 3 , 



(1.17.6) 
(1.17.c) 

(1.17.d) 
(1.17.e) 



for all Pi,p 2 ,p 3 ,P4 € C n , where /i is extended complex-linearly to C k in the 
last argument. Further, (1.15.b), (1.16) imply 

Lplp 2 p 3 ~p 4 - Gp 2 plp 3 p 4 = 2i/i(p 3 ,p 4 , H(p 2 ,pi)), (1.18) 

for all pi,p 2 ,P3,P4,P5 e C n . From (1.17.b)-(1.17.d), (1.18) we obtain 

= H(p 3 ,Gp b pip 1 p 2 ) - H(p 4 ,Fpip 2 pip b ), (1.19. a) 
= -H(p 3 , Lpip b plp 2 ) - H(p 4 , Lplp 2 pip h 



H(KpJp^p 3 p 4 ,p 5 ) = 

^(Gpipip 3 p 4 ,P5) = 

Fp\p 2 p 3 p 4 = 

Lpip 2 p 3 p 4 = 

Kpip 2 p 3 p 4 = 

Gpip 2 p 3 p 4 + Gp 3 p 2 pip 4 = 

for all pi,p 2 ,p 3 ,P4,P5 e C n . 
We set 



-Gp 4 p 3 pip 2) 
Lp 3 pmp 2 , 

Lpip 3 p 2 p 4 + Lp ± p 4 p 2 p 3 , 
Fpmp 2 p 4 , 



(1.19.6) 
(1.19.c) 
(1.19.d) 
(1.19.e) 
(1.19./) 



D(p 1 ,p 2 ,H(p 3 ,p 4 )) := iGp 3 p 4 p 2 p u 
t(H(p 1 ,p 2 ),H(p 3 ,p 4 )) := --Lp^pip^ps, 



(1.20.a) 
(1.20.6) 



for all Pi,p 2 ,p 3 ,Pi € C n . It follows from (1.17. a), (1.18), (1.19.d) and the 
non- degeneracy of if that (1.20. a) defines a complex-trilinear form D on 
C" x C™ x C k symmetric with respect to the first two variables and (1.20.b) 
defines a complex-bilinear symmetric form t on C fc x <C k , both valued in C n . 
It follows from (1.13. a), (1.19.c), (1.19.e) that X 3 is uniquely determined by t 
(note that it follows from (1.19.b) that D is uniquely determined by t). The 
forms D and t satisfy the following relations 



H(D(p,p,q),p) 
H(D(p,p,H(p,p)),p) 



4iH(p,t(q,H(p,p)), 
0, 



1.21. a) 
(1.21.6) 
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for all p e C n ,q e R k . Indeed, (1.21.a) follows from (1.19.b), (1.19.d); to 
prove (1.21.b) we note that it follows from (1.19.c), (1.19.f) that Gpppp = 0. 

We will now show that equations (1.21) can have only zero solutions. For 
this we note that a polynomial vector field X on C n+k of the form 



defines an infinitesimal holomorphic automorphism of Qh (i.e. X G qh) if 
and only if the following conditions are satisfied 



for all z G C n , u G where D' is a complex-trilinear form on C n x C n x C fe 
symmetric with respect to the first two variables, and t' is a complex-bilinear 
symmetric form on C k x C k , both valued in C n . Since the vector field X has 
weight 3, it must be zero by (0.1). This means that equations (1.22) can have 
only zero solutions and therefore equations (1.21) have only zero solutions 
also. 

Thus, X 3 = 0, and the lemma is proved. □ 



X = (d'(z, z, w) + t'(w, «;)) -jr + 1iH[z, t'(w, W)) 



d_ 

dw 



H(D'(z,z,u),z) 
H(D'(z,z,H(z,z)),z) 



4iH(z,t'(u,H(z,z)) 
0, 



(1.22.a) 
(1.22.6) 
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